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I. INTRODUCTION 
Given any projective space I? of dimension at least three, the partial line space 
G(I?) = (S, £1l) can be considered. The points of G(I?) are the lines of I? and the lines 
of G(I?) are the pencils of lines of I? G(I?) is called the Grassmann space of I? 
The set of maximal subspaces of G(I?) has a partition formed by the families ill' and 
1: of ruled planes and stars of lines of I?, respectively: a ruled plane is the set of all lines 
contained in a plane and a star of lines is the set of all lines of I? through a given point. 
The families !/J> and 1: have the following properties: 
three pairwise collinear points of S are contained in an element of!/J> u 1:. (1.1) 
T,T'E1:,T,eT'~IT(\T'I=1. (1.2) 
1T E !/J>, TE1: ~ T (\ 1T = 0 or T (\ 1T E £1l. ( 1.3) 
r E £1l ~ 3 ! 1T E !/J> and 3! TE1: : r c 1T, reT (1.4) 
If I? is coordinatized by a field, the Grassmannian variety C§ of lines of I? can be 
considered. Looking at C§ as a projective variety via the Plucker embedding, points and 
lines in G(I?) can be naturally identified with points and lines in C§. Thus the families ill' 
and 1: can be viewed as the families of maximal linear subspaces of C§. 
Tallini deals in [7] with the problem of characterizing partial line spaces isomorphic 
to G(I?). His main result is the following: 
THEOREM I (Tallini). Let (S, £1l) be a proper partial line space whose maximal subspaces 
have a partition in two families !/J> and 1: with the properties (l.l), (1.2), (1.3) and (1.4). 
Then there is a projective space I? whose Grassmann space G(I?) is isomorphic to (S, £1l). 
This result has been the starting point for other research ([\], [2], [3], [4], [5], [6]) on 
combinatorial properties of the Grassmannian of lines, and more generally of subs paces, 
of a projective or affine space. 
In this context the present note is devoted looking more deeply into the structure of 
G(I?). A crucial role is played by the following property of the family 1:: 
for each TE1: and each PES - T every element of 1: through P intersects T 
in a unique point and these points trace out a line rT( P) formed by all points (1.5) 
of T collinear with P. 
The main result is the following (Proposition 4.7): 
THEOREM 2. Let (S, £1l) be a proper partial line space whose lines are not maximal 
subspaces. If (S, £1l) has a covering 1: of maximal subspaces with the property (1.5), then it 
is isomorphic to the Grassmann space of a projective space. 
* Work supported by G.N.S.A.G.A. of C.N.R. 
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Using this result, we extend to the infinite case a theorem of [5]. 
2. NOTATION AND FIRST PROPERTIES 
Henceforth, (5, 97i!) will denote a proper partial line space [8], whose lines contain at 
least two points and are not maximal subspaces. 
Two different points P, Q of 5 will be said to be collinear if they lie on the same line. 
In this case we shall write P - Q, and the line joining P and Q will be denoted by (P, Q). 
If P and Q are not collinear, we shall write P f- Q. 
We shall assume that (S,97i!) has a covering 1: of maximal subspaces satisfying the 
property (1.5); elements of 1: will be called stars and 1:p will denote the set of stars 
through a point P. 
From (1.5) the next two propositions easily follow. 
PROPOSITION 2.1. Two stars intersect in a single point. 
PROPOSITION 2.2. Every line r is contained in a unique star T(r). 
PROOF. By Proposition 2.1, r cannot be contained in two different stars. Let P be a 
point on rand T an element of 1:p. If reT we are done. Otherwise, letting Q be a point 
on r - {P}, we have Q e T and Q - P. Then, by (1.5), there exists a star containing P and 
Q, hence r. 
PROPOSITION 2.3. For every point P we have l1:p l;;. 2. 
PROOF. Let T be an element of 1:p. Since (5, 97i!) is a proper partial line space, there 
exists a point Q on 5 - T. If V is a star through Q, we have V,e T and, by (1.5), V n T 
is a point Y. If Y = P we are done. If Y,e P then P e V and the assertion follows from 
(1.5), since each line has at least two points. 
Using (1.5) it is easy to check the following properties: 
PROPOSITION 2.4. Let Vand W be two different stars with V n W = {P}. A point B in 
W - {P} lies on rw(A), with A E V - {P} iff A E rv(B). Thus the points of rw(A) u ry(B) 
are pairwise collinear. 
PROPOSITION 2.5. Let Vand W be two different stars with V n W = {P}. If X is a point 
in 5 - Vu W collinear with P, then {P} = rv(X) n rw(X). 
3. THE FAMILY OF PLANES OF (5,97i!) 
Let T be a star and P a point of 5 - T. In what follows we shall denote by 7T[P, T] 
the union of lines (P, X) with X variable on the line rT(P). 
From (1.5) we easily have the following: 
PROPOSITION 3.1. Let r be a line and P a point on 5 - r. If P is collinear with two different 
points of r, then P is collinear with any point of r. 
Proposition 3.1 allows us to prove the following basic result: 
PROPOSITION 3.2. For any star T and for any point P on 5 - T, the set 7T[P, T] is a 
projective plane. 
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PROOF. We first prove that two points X, Y of 'Tr = 'Tr[P, T] are collinear. We may 
assume X and Y different from P and not collinear with P. From the definition of 'Tr 
there are two points X, Yof f=rT(P) such that XE(P,X) and YE(P, Y). We have 
Y - P, Y - X, hence Y - X by Proposition 3.1. Then, by X - P and again by Proposition 
3.1, we get X - Y. 
Now we show that the line r = (X, Y) is contained in 'Tr. By Proposition 3.1, any point 
Z on r is collinear with P, since P - X and P - Y. Again by Proposition 3.1, Z - Y, since 
Z - P and Z - Y. The star W through the line (P, Z) does not contain Y.* So W meets 
T at a point Z on f by (1.5). As points of W collinear with Yare exactly those of the 
line (P, Z), since Y - P and Y - Z, from Z E Wand Z - Y it follows that Z(P, Z). 
Hence Z E 'Tr; i.e. r c 'Tr. 
One can likewise show that any line on 'Tr intersects any line (P, [) with [E f. 
Let us finally prove that any two lines x, y on 'Tr meet. We can obviously assume that 
both lines x, y do not contain P. If X is a point on x, the lines y and (P, X) meet at a 
point Y, since each line on 'Tr through P meets any other line on 'Tr. If X = Y we are 
done; otherwise, if H is the point T(x) n T(y), we have P ~ T(x) u T(y) and P - H, 
since H - X and H - Y. Hence by Proposition 2.5, x n y = {H} and the proposition 
follows. 
From now on we shall denote by (fj> the family {'Tr[P, T]/ T E};, PES - T}. The elements 
of (fj> will be called planes. 
We point out the following easy consequence of Proposition 2.1: 
PROPOSITION 3.3. A plane is not contained in a star. The families (fj> and}; are disjoint. 
4. PROPERTIES OF THE FAMILIES (fj> AND }; 
In this section we shall check for (S, fYl), (fj> and}; the hypotheses of Theorem 1 of 
Section 1. 
PROPOSITION 4.1. Three distinct pairwise collinear points are contained in an element of 
(fj>u};. 
PROOF. Let A, B, C be three distinct pairwise collinear points. If A, Band C lie on 
the same line, the assertion follows by Proposition 2.2. Otherwise, denoting by m the line 
(B, C), either T(m) contains A or the plane 'Tr[A, T(m)] contains A, B, C, since m = 
rT(m)(A). In both cases the assertion follows. 
PROPOSITION 4.2. A star and a plane are either disjoint or intersect in a line. 
PROOF. By Proposition 3.3, a star and a plane intersect in at most a line. Let 'Tr = 'Tr[P, T] 
and V be respectively a plane and a star with a common point X. If X = P or X ¥- P and 
X ~ rT(P), the assertion follows by (1.5). If X E rT(P), let us take a point Yon rT(P) - {X} 
and call s the line (P, Y); we have X ~ T(s) and rT(s)(X) = s. Then V meets s at a point 
Z and V n 'Tr = (X, Z). 
PROPOSITION 4.3. Let T be a star and A, B two points of S - T. If rT(A) = rT( B) then 
'Tr[A, T] = 'Tr[B, T]. 
* Otherwise W would contain the line (P, f), hence Y, then W;2 (2, Y), W;2 (X, f) and so I W n TI> I. 
326 N. Melone and D. Olanda 
PROOF. Let 7T = 7T[A, T). Also, let X and Y be distinct points on rT(A) . Since 
rT(A) = rT(B) implies X - Band Y - B, the lines x = (B, X) and y = (B, Y) exist. By 
Proposition 4.2 the stars T(x) and T(y) intersect 7T in two lines with a common point, 
being lines of the projective plane 7T. Such a point is B since it belongs to T(x)n T(y). 
Hence BE 7T and the assertion easily follows. 
PROPOSITION 4.4. Any line is contained in a unique plane. 
PROOF. The uniqueness follows by Proposition 4.3. We only have to check the 
existence. Let r be a line, X a point on r and Va star of Ix different from T(r) (existing 
by Proposition 2.3). If Y is a point on r-{X}, then Ye V and X E rv(Y). So the plane 
7T[ Y, V] contains r. 
PROPOSITION 4.5. For any plane 7T there is no point in S - 7T collinear with all points of 
7T. Thus the planes are maximal subspaces. 
PROOF. Let 7T be the plane 7T[P, T] and X a point of S collinear with all points of 
7T. If X E T, by (1.5) it follows that X E rT(P), hence X E 7T. If X e T, since X is collinear 
with every point of rT(P), by (1.5) it follows that rT(X) = rT(P)' So, by Proposition 4.3 
X belongs to 7T. 
PROPOSITION 4.6. The elements ofilPuI are the only maximal subspaces of (S, ~) . 
PROOF. Let V be a maximal subspace not belonging to I and r a line on V. Then 
T(r) -,= V and there is a point P on V - T(r). The plane 7T[P, T(r)J is contained in V, 
hence it is equal to V by Proposition 4.5. 
Since with Propositions 2.1, 2.2, 3.3, 4.1, 4.2, 4.4 and 4.6 we have checked for (S, ~), 
ilP and I the hypotheses of Theorem I of Section 1, we finally have the following : 
PROPOSITION 4.7. Let (S,~) be a proper partial line space whose lines are not maximal 
subspaces. If (S,~) has a covering I of maximal subspaces with the property (1.5), it is 
isomorphic to the Grassmann space of a projective space. 
5. A CHARACTERIZATION OF INFINITE GRASSMANN SPACES BY LINE PROPERTIES 
Let (S, ~) be a proper partial line space. If P is a point and r a line, with Per, we 
shall write P - r if P is collinear with every point of r, P -l r if P is collinear with only 
one point of rand P -I- r if P is not collinear with any point of r. 
If r, s are lines, we shall write r - s if any point of r is collinear with every point of s. 
Two different points Q, T will be called of the same type with respect to another point 
P if they are either both collinear or both not collinear with P. In such a case we shall 
write Q:t: T 
p 
In [5] a finite proper partial line space (S, ~), with lines having at least three points, 
is proved to be isomorphic to the Grassmann space of a Galois space if and only if the 
following properties hold: 
rE~,PES-r~P-I-rorP-lrorP-r. (5.1) 
rE~, P, Q, TE S- r: P- r, Q- r, T- r, Qf. T~ Q- T (5.2) 
p 
rE ~ ~3P, QE S : P-I- Q, P- rand Q- r. (5.3) 
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r E rYl, PES - r, P -I- r ~ rp = {X E S: X - P, X - r} E rYl. (5.4) 
r, s E rYl, PES: r n s = 0, r - s, P -I- rand P -I- s ~ rp = sp. (5.5) 
In what follows (S, rYl) will denote a proper partial line space satisfying properties 
(5.l), (5.2), (5.3), (5.4) and (5.5). 
Using Proposition 4.7, we want now to extend the result of [5] to the infinite case. We 
begin by remarking that in [5] without using finiteness, the following properties are 
established. 
(a) Maximal subspaces are exactly the sets Yep, r) = {X E S: X - P, X - Y VY E r} with 
PE S, rE rYl and P- r. 
(b) Any line r is contained in exactly two maximal subspaces V, Wand for every P E V - r, 
Q E, W - r, we have P -I- Q. 
(c) A maximal subspace, intersecting a line r at a point H, intersects one of the maximal 
subspaces containing r in a line through H and the other one only at the point H. 
(d) Let V be a maximal subspace containing two skew lines. For every point PES - V, 
the points of V collinear with P trace out a line ry(P). 
(e) There is a maximal subspace containing two skew lines if and only if there is a point-line 
pair (P, r) with P -I- r. 
(f) Let V be a maximal subspace containing two skew lines and let r be a line skew with 
V; then one of the two maximal subspaces through r is skew to Vand the other one intersects 
Vat just one point. 
(g) Let (P, r) be a point-line pair with P -I- r; then the line rp is skew with rand rp - r; 
moreover one of the maximal subspaces through rp contains P and the other one contains r. 
(h) Let V be a maximal subspaces containing two skew lines rand s. The other two 
maximal subspaces V, and Vs containing rand s, respectively, are projective planes. 
From (a), (b) and (c) the following is easily deduced. 
PROPOSITION 5.1. Let V be a maximal subspace and P a point on S - V. If P is collinear 
with a point Q E V, then the points of V collinear with P trace out a line ry(P) through Q. 
A maximal subspace V for which any point of S - V is collinear with same point of 
V is called a star. The family of stars is denoted by ~. A maximal subspace not in ~ is 
called a plane; f5P will denote the family of planes. 
An easy consequence of (d) is the following: 
PROPOSITION 5.2. A maximal subspace containing two skew lines is a ~tar. 
As for the existence of stars and planes we have· the following. 
PROPOSITION 5.3. There exist planes if and only if there is a point-line pair (P, r) with 
P -I- r. 
PROOF. Let us suppose f5P 'jI:. 0 and let V be a plane containing a line r. By the 
definition of a plane there is a point P of S - V such that P -I- X, V X E V, and hence 
P -I- r. Conversely, let (P, r) be a point-line pair with P -I- r. We shall prove that one of 
the two maximal subs paces V and W through r is a plane. Since P -I- r, we have P e V u W. 
If V and W were both stars, by the definition of a star and by Proposition 5.1 we could 
find two lines ry(P) and rw(P) such that P- ry(P) and P- rw(P). Since P-I- r, we 
would have rn ry(P) = 0 and rn rw(P) 'jI:. ¢, contradicting (h). 
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PROPOSITION 5.4. If there exists a point-line pair (P, r) with P-I- r, then 1: y!c. 0 and 
PP y!c. cjJ. 
PROOF. The result follows by (e) and by Propositions 5.2 and 5.3. 
We shall now suppose that there is a point-line pair (P, r) with P -I- r, namely PP y!c. 0 
and 1: y!c. 0. 
PROPOSITION 5.5. Let V be a star and r a line skew with V. One of the two maximal 
subspaces through r is skew with Vand the other one intersects V in just one point. 
PROOF. By (f) we may assume V is a projective plane. Let L, W be the maximal 
subspaces through r. By (b) we can assume W is skew with V. Let us show that 
L n V y!c. 0 . Let A, B be two different points on r: if the lines x = rv(A), y = rv(B) coincide 
we have L = V(A, x) = V(B, x) and so Ln V = x; if x y!c. y the point C = x n y is collinear 
with A and B, hence C - r and so L = V( C, r); that is eEL n V. We finally prove that 
I L n vi = 1. If L intersects V in a line t, we have t n r = 0 since r n V = 0. If X is a 
point of W - r, by Proposition 5.1 and since V is a star, there is a line rv(X) on V such 
that X - rv (X). As t and rv (X) meet (being lines of the projective plane V), X is 
collinear with Y = t n rv (X) E L- r contradicting (b). 
From Proposition 5.2 we have the following: 
PROPOSITION 5.6. Every plane is a projective plane. 
PROPOSITION 5.7. Every line is contained in a star. Thus the family 1: is a covering. 
PROOF. Let r be a line and V, W be the maximal subs paces through r. If V is a star, 
we are done. If V is a plane, there is a point P not collinear with any point of V, hence 
P -I- r. By (g) the line rp is contained in Wand is skew to r; so, by Proposition 5.2, W 
is a star. 
Using Proposition 5.5 it is easy to check the following : 
PROPOSITION 5.8. Let V be a star containing two skew lines r, s. The other two maximal 
subspaces Vr and Vs containing rand s respectively are planes. 
PROPOSITION 5.9. Let V be a star containing two skew lines. Then Tn V y!c. 0 for every 
TE1: with T y!c. V. 
PROOF. Let rand s be two skew lines of V and T an element of 1: - { V}. If Tn V = 0, 
by Proposition 5.5, the maximal subspaces Vr and Vs intersect T in two different points 
A, B. Then t = (A, B) is skew to V. So, by Proposition 5.5, the maximal subspace W 
through t, other than T, intersects V at just one point C. Since C - A and C - B, we 
have C E rv(A) = rand C E rv (B) = s, which is absurd, rand s being skew lines. 
PROPOSITION 5.1 O. A plane and a star cannot intersect at just one point. 
PROOF. Let V be a star and W a plane with V n W = {A}. Since W is a plane, there 
is a point PES - W not collinear with any point of W If r is any line on W not containing 
A, then P -I- r; moreover the star T through rand rp is skew with V by Proposition 5.5 . 
This contradicts Proposition 5.9 and the assertion follows . 
A characteristic property of G(IP) 329 
PROPOSITION 5.11. Two different stars intersect in just one point. 
PROOF. Let T and V be two different stars. Let us assume that V contains two skew 
lines rand s; then Tn V ~ 0by Proposition 5.9. If Tn V = t E rJl, we have t ~ rand 
t ~ s by Proposition 5.8; by Proposition 5.5 any line on V meets t since T is a star. The 
maximal subspace V, through r other than V is a plane by Proposition 5.8 and it intersects 
T just at the point A = r n t, by (c). This contradicts proposition 5.10, so IT n vi = 1. Now 
let us fix a star W containing two skew lines; W exists by (e). From above it follows that 
we may assume T~ W and V~ W We set {A}= Tn Wand {B}= Vn W If A=B we 
are done. If A ~ B, then the maximal subspace L through the line (A, B) other than W 
is a plane since it intersects the star W in the line (A, B) and hence it is a projective 
plane by Proposition 5.6. By (c), T and V intersect L in two lines with a common point 
C (being lines of the projective plane L). Then Tn V = {C} completing the proof. 
By Propositions 5.1, 5.7 and 5.11, Property (1.5) holds for the family l: of stars. 
PROPOSITION 5.12. A proper partial line space, for which the properties (5.1), (5.2), 
(5.3), (5.4), (5.5) hold and with a point-line pair (P, r) such that P-f- r, is isomorphic to the 
Grassmann space of a projective space of dimension at least four. 
We have only to examine now the case of proper partial line spaces (S, rJl) for which 
there are no point-line pairs (P, r) such that P -f- r. In such a case, using (e) and Proposition 
5.3, we have the following: 
PROPOSITION 5.13. The maximal subspaces are projective planes. Any maximal subspace 
is a star. 
Let W be a fixed star and l:w the family of stars skew with W or intersecting W in a 
line. 
PROPOSITION 5.14. Any line is contained in an element of l:w. So l:w is a covering. 
PROOF. Let r be a line. If r c:; W the assertion follows by (b), while, if r n W = 0, it 
follows by Proposition 5.5. Finally, if Irn wi = I, the assertion is a consequence of (c). 
PROPOSITION 5.15. Two different element of l:w intersect at a single point. 
PROOF. Let V, T be two different element of l:w. If V n W = s E rJl and Tn W = t E rJl 
the proposition follows by 5.13. If V n W = 0 and Tn W = t E rJl, the assertion follows 
by Proposition 5.5. Let us finally suppose that V n W = 0 and Tn W = 0. We shall 
prove that I V n TI = 1. By Proposition 5.5 V and T cannot intersect in a line. Let r be a 
line on Wand K the other maximal subspace through r. Since r n V = 0 and r n T = 0, 
by Proposition 5.5, K intersects V at a point A and T at a point B. If A = B, we are 
done. If A ~ B, denote by L the maximal subspace through the line (A, B) and different 
from K, then Ln W = r n (A, B). So L ~ V and L ~ T. By (c), V intersects L in a line p 
and T in a line t since V n W = 0 and Tn W = 0. So p n t ~ 0 by Proposition 5.13 
and the proof is complete. 
By Propositions 5.1, 5.14 and 5.15 it follows that for l:w the condition (1.5) holds. 
Now the next result follows. 
330 N. Melone and D. Olanda 
PROPOSITION 5.16. A proper partial line space, for which the properties (5.1), (5.2), 
(5.3), (5.4), (5.5) hold and without point-line pairs (P, r) with P-I- r, is isomorphic to the 
Grassmann space of a projective space of dimension three. 
Propositions 5.12 and 5.16 give the conclusion: 
PROPOSITION 5.17. A proper partial line space, for which the properties (5.1), (5.2), 
(5.3), (5.4), (5.5) hold, is isomorphic to the Grassmann space of a projective space. 
REFERENCES 
I. A. Bichara, F. Mazzocca, On a characterization of the Grassmann space representing the lines in an affine 
space, to appear in Simon Stevin, Belgium. 
2. A. Bichara, F. Mazzocca, On a characterization of the Grassmann space representing the h-dimensional 
subspaces in an affine space, to appear in Proc. of Inter. Con! on Comb. Geom. and their Appl., Rome, 1981. 
3. A. Bichara, F. Mazzocca, Sull'indipendenza degli assiomi che de finis co no gli spazi di Grassmann affini e 
proiettivi, ReI. N. 8, 1st. Mat. Fac. Ing. Univ. Naples, 1981. 
4. A. Bichara, G. Tallini, On a characterization of the Grassmann space representing the h-dimensional subspaces 
in a projective space, to appear in Proc. of Inter. Con! on Comb. Geom. and their Appl., Rome, 1981. 
5. P. M. Lo Re, D. Olanda, Grassmann space, 1. Geom. 17 (1981), 50-60. 
6. F. Mazzocca, D. Olanda, A graphic characterization of the lines of an affine space, to appear in Proc. of 
Inter. Con! on Comb. Geom. and their Appl., Rome, 1981. 
7. G. Tallini, On a characterization of the Grassmann manifold representing the lines in a projective space, 
Proc. of the Second Isle of Thorns. Con!, \980, London Math. Soc. Lecture Note Series 49, Cambridge University 
Press, Cambridge, 1981. 
8. G. Tallini, Spazi parziali di rette, spazi polari. Geometrie subimmerse, Quaderni Sem. Geom. Comb. 1st. 
Mat. Univ. Roma, 14, 1979. 
N. MELONE AND D. OLANDA 
Universita di Napoli, Istituto de Matematica, 
Renato Caccioppoli, Via Mezzocannone 8, Cap 80134, Italy 
